Abstract. We provide a fast algorithm to diagnose any directional dependence in the cosmological parameters by calculating maps of local cosmological parameter estimates and their joint errors. The technique implements a fast quadratic estimator technique based on Wiener filtering and convolution of the sky with a patch shape. It uses only three map-resolution spherical harmonic transforms per parameter and applies to any data set with full sky or a partial sky coverage. We apply this method to Planck SMICA-2015 and obtain fluctuation map for six cosmological parameters. Our estimate shows that the Planck data is consistent with a single global value of the cosmological parameters and is not influenced by any severe local contaminations. This method is applicable also to other angular or 3D data sets of future missions to scrutinize any local variation in the cosmological parameters.
Introduction
The successful history of several cosmological missions in CMB [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] have paved the path of precision cosmology and several upcoming missions like EUCLID [14] , LSST [15] , SKA [16] , PIXIE [17] and LiteBIRD [18] have the potential to vastly enhance the precision with which we know the cosmological parameters. With increasing signal-tonoise, and more complex inference tasks, systematics will become the primary challenge to cosmological parameter inference. The accurate estimation of cosmological parameters from these next generation missions require advanced methods and sophisticated techniques to accurately remove systematic errors and non-cosmological contaminations from the observed data.
Inferring parameters from a cosmological data set requires a great deal of care. The approach is typically Bayesian where selection of robust features of the data, detailed statistical modelling of the signal, the systematics, and the measurement process leads to a likelihood that is combined with carefully chosen priors. The resulting posterior probability density for the parameters is then usually explored by sampling it with Markov Chain Monte Carlo (MCMC) [19] . Standard analyses assume statistical homogeneity and isotropy of the universe, a natural assumption since there is no strong evidence for violations of these symmetries. However, the presence of systematics like foreground contamination, anisotropic noise and beam, and other perhaps incompletely modelled instrumental, environmental or astrophysical systematics, may introduce biases in the parameters. These systematics would not be expected to respect the rotational or translational symmetries of an isotropic and homogenous universe. So a diagnostic that estimates parameters on many sky patches and visualises the way these estimates vary across the sky, that is a parameter map, would be a useful tool to test for the presence of systematics and to obtain clues as to their origin.
In addition, in the absence of strong systematics such an analysis has the potential to reveal a first hint of violations of the isotropy or homogeneity assumptions. Even in a globally symmetric universe, our sky could contain statistical anisotropy of cosmological origin. For examples, physical parameters could take different values in different domains and we might sit between two or more such domains. This approach was taken in [20] [21] [22] to test for direction dependence of the cosmological parameters from Supernovae data. Any such hints could be followed up with dedicated searches, testing specific physical models that would predict such variations [23] [24] [25] [26] [27] [28] [29] [30] [31] . The presence of enhanced temperature fluctuations in the local patches of the sky is also of interest due to predictions from theoretically motivated models and were studied in past using WMAP data [32] [33] [34] [35] [36] [37] [38] .
MCMC samplers are now the standard approach to cosmological parameter inference. But to run an MCMC chain in each patch to infer the cosmological parameters is expensive. In this paper, we devise a fast, efficient and simple algorithm to estimate directional dependence of cosmological parameters and implement it on CMB maps. We show that the cosmological parameters can be computed through a quadratic estimator that implicitly projects a local deviation of the angular power spectrum of the signal onto a parameter change from a fiducial value. The appropriate projection is done by applying a an optimal filter. Optimal or Wiener filtering is a powerful method that is widely used in cosmology data analysis in several contexts [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] .
The variation in the angular power spectrum of the CMB temperature field can be related to leading order to the variation in cosmological parameters by performing a Taylor series expansion. Our method shares this feature with the method described in [53] but goes beyond it by showing how to do parameter analysis on many patches without having to compute the power spectra explicitly for the cost of a very mild approximation. The result is a map of parameter estimates and correlated uncertainties. Owing to its computational simplicity this method can be implemented on large data sets even with complicated sky coverage efficiently and with limited computational cost.
The paper is organized as follows. In Sec. 2, we lay out the basic formalism of this method. In Sec. 3.1, we discuss the implementation of this method on CMB temperature maps. We obtain the map for variation of cosmological parameters from the publicly available Planck SMICA map [54] and compare it with a simulated CMB map in Sec. 3. We summarize and conclude in Sec. 4.
How to map cosmological parameter variations

Formalism for arbitrary parameter patches
To achieve our goal of developing a fast diagnostic to explore the data we will want to perform parameter analyses on many patches of the data. Each patch will necessarily provide a weaker constraint on the parameters than the full data set. As a consequence we will content ourselves with an asymptotic approach, that returns a parameter estimate for each patch, together with an asymptotic error estimate, as follows.
We develop the method for the example of the cosmic microwave background temperature (CMB) fluctuations on the sphere but applies without change to any other scalar field on the sphere. Fields on rectangular domains can be treated strictly analogously by replacing spherical harmonics with Fourier coefficients. The discussion can also be generalized to spin-n fields, such as CMB polarization anisotropies or lensing shear measurements without difficulty.
The CMB data map containing the measured temperature and polarization anisotropies d(n) can be expressed in the spherical harmonic basis as
where d lm have zero mean, are mutually uncorrelated and have variance C l , the power spectrum. For full sky, noise-free data the optimal estimate of the C l iŝ
which can be written using P l , the operator projecting onto angular wavenumber l
For the estimation of the cosmological parameters in different patches of the sky, each patch will be defined by the patch shape window W p (n j ),
for the case of a sharp-edged, unapodized patch window. It will be convenient to define the operator W p as the diagonal matrix with elements W p jj = W p (n j ) such that the map of temperature fluctuations in patch i is W p d. The pseudo power spectrum on this patchC p l [55, 56] is defined asC
provides a statistical summary of the information the patch i contains about the cosmological parameters 1 . In expectation, this is related to the full sky power spectrum C l by the mode coupling matrix M p ll imposed by the patch shape and the noise bias N p l
We have omitted the instrumental transfer function and the beam for clarity of presentation; those can be included in the usual way, as shown in [57] .
For a fiducial set of n θ cosmological parameters θ fid j , j = 1, . . . , n θ , let the predicted global CMB power spectrum be C fid l ≡ C l (θ fid ). As the cosmological parameters determine the power spectrum of the CMB, any patch-dependence of the cosmological parameters translates into a patch-dependence of the power spectrum. Defining θ p j to be the cosmological parameters in patch p, the deviation in the value of the measured spectrumC p l from that expected in the fiducial model can be written as
The δC p l capture any deviation of the power spectrum in patch p from that which is expected given the fiducial, global model and the mode-coupling induced by the patch shape.
Writing up to linear order in the parameter variation, we have
In the following, we switch to matrix notation. We write an (L − 1)-vector δc p for the quantity in Eq. 2.7 and collect the derivatives into the (L − 1) × n θ -matrix D p . The parameters are the n θ -vector θ p . Then Eq. (2.8) becomes
where the last equality defines δθ p which captures the variation from fiducial values of the cosmological parameters in the patch of the sky with the center of the direction given byn i . The measurement covariance matrix for the power spectrum in a given patchn i is K p δc , with components K δc ll = (δC l )(δC l ) t . With these ingredients we can now compute an asymptotically optimal estimator for the δθ in terms of the δc in each patch as follows.
Working in the asymptotic regime where the likelihood for c is Gaussian to a good approximation, the maximum likelihood estimate for the parameter deviation in each patch isδ
where F p is the Fisher matrix in patch p (see [58] for a discussion of the Fisher matrix).
In the asymptotic case we are considering here
Note that given the data vector c, the parameter estimateθ = θ fid + δθ saturates the Cramer Rao bound; the parameter estimates are optimal. This result is analogous to the result of [53] which focuses on compressing the data to derive a Fisher-optimal likelihood for MCMC exploration. Our estimate comes from the direct maximization (without running an MCMC chain) of the same, optimal likelihood for every patch.
The method as described so far applies under quite general circumstances such as when the individual patches have very different shapes or noise properties. Since the method does not require running MCMC chains it is fast enough to run an analysis on 48 sky patches from the Planck data in about one hour on a standard laptop. The parameter estimates in different patches can be computed efficiently in parallel. We will discuss additional computational considerations in subsection 2.5.
We will now turn to a harmonic space technique that accelerates computing the parameter maps under some additional assumptions.
Azimuthally symmetric patches
Assume that we choose the patches as (possibly apodized) circular disks centered on all pixels of a parameter map 2 . All patches have identical size, shape, and radial profile. The patch window is then a function of the angular distance to the patch centern p only,
As a consequence, the coupling matrix M ll , theĈ fid l , and the D, are the same for all patches. If the beam, instrumental transfer function and power spectrum co-variance can also be approximated as the same for all patches we can use the following harmonicspace method. 3 We will drop the explicit patch superscript for quantities that are the same for all patches.
Let us compute the parameters for one such circular patch. From Eq. 2.10 we find that
We can define the rectangular (n θ × L)-matrix with elements
Considering each of the n θ rows separately, each element of δθ in equation 2.10 can be computed simultaneously for all pixels in the parameter map, as follows. We want to extract from the map the portion whose fluctuations compress the information about cosmological parameters. The parameter components of equation 2.14 can be rewritten as
where we defined O j ≡ l O j l P l and b p j is the sum of the expected isotropic signal and noise contribution to the parameter estimate in the patch.
Aside from reducing the number of pre-computations due to the simplified setup this expression is no faster to evaluate than Eq. 2.14. But approximating this expression by reversing the order of the operators O j and W p in the first term of 2.17 results in
the dot product of the patch window with the quadratic map obtained by the pixelwise multiplication of the filtered data map with its unfiltered version. The parameters in all patches can therefore be obtained using the following series of operations: 1) Transform the data map into harmonic space; 2) Generate n θ maps by multiplying with each O j and transforming back to pixel space; 3) Multiply every pixel of this map by the corresponding pixel in the data map; 4) Then convolve each of the resulting maps with the square of the patch window in harmonic space to produce the parameter maps at the desired resolution. This last step can be done efficiently in harmonic space, and the final transform to pixel space needs only to be done at the coarser patch resolution (rather than the full pixel resolution) to produce the parameter map. In total this requires 1 + 3n θ harmonic transforms covering the full bandwidth and resolution of the data map, and then another n θ low-bandwidth and low-resolution transforms to produce the parameter maps on a coarse pixelisation. The full resolution transforms dominate the scaling in the relevant regime and give O (1 + 3n θ )n 3/2 pix . Contrast this with the n patch full transforms to produce the δc p and the transforms required to compute the coupling matrices that dominate the O 2n patch n 3/2 pix computational cost Eq. 2.14. We will compare the computational aspects of the two methods in more detail in section 2.5.
Nature of the approximation
The map obtained by using Eq. 2.18 differs slightly from the one defined in Eq. 2.17, even for azimuthally symmetric patches. The difference comes from the way the patch window is applied. By design, only pixels within the patch p affect the parameter estimate for that patch in Eq. 2.17. The estimates from Eq. 2.18 however result from the application of the optimal filters O j to the entire sky map (after masking of foreground contaminated regions) and then measuring the variance within sky patch p.
Since the real-space convolution kernels corresponding to the O j have finite support parameter estimates in neighbouring patches will be more strongly correlated than would be the case in the original approach Eq. 2.17; one the other hand the parameter estimates would be less noisy, since acting with the kernels on the full sky would allow a cleaner separation of the contributions each parameter makes to the variance in the patch.
Radially truncating the pixel-space kernels corresponding to the O j would improve the approximation to affect only immediately adjacent patches. This can be done simply by Legendre transforming the rows of O j l , truncating at the cosine of angular radius of the patch kernel and transforming back. This recovers the same d i [O j d] i for pixels in the center of the patch but would still couple the edge of this map to pixels in neighbouring patches. We find the effect of the approximation to be modest in our numerical tests, and did therefore not implement the kernel truncation in any of the applications presented in this paper.
Implementation on CMB simulations
The azimuthal symmetry method and the arbitrary mask method mentioned in Eq. (2.17) and Eq.(2.10)) respectively are now implemented for an ideal simulated map of a fixed realization. We implemented these methods on the simulated CMB map obtained by HEALPix [59] using the best-fit Planck cosmological parameters [60] , to get a fluctuation map for six cosmological parameters (A s , n s ,
We applied Eq. (2.17) and Eq.(2.10)) with a symmetric circular patch of radius 16.5 • and obtained the parameter maps as depicted in Fig. 1 and Fig. 2 respectively for both these cases. As expected from a simulated sky, all the fluctuations in the cosmological parameters are consistent with the best-fit value used in the analysis. We also obtain a cosmological parameter map in high resolution using azimuthally symmetric method. A relative RMS difference in the values from both these methods are less than 1 sigma and are shown in Table 1 . This indicates that both the method are accurate and giving us consistent results. The azimuthally symmetric method is significantly computationally faster than the other method. The details on the computational cost are discussed in the Sec. 2.5.
The azimuthally symmetric method mentioned in Eq. 2.17 is implemented on simulated CMB sky to obtain six cosmological parameter maps for a patch radius of 16.
The arbitrary mask case, Eq. 2.10 implemented on the same simulated CMB sky as in Fig. 1 to obtain six cosmological parameter maps for a patch radius of 16.5 • . Note that while the approximation in Eq. (2.18) produces minor changes, the binning of ∆l = 20 used in the arbitrary patch analysis means the maps are not expected to match exactly.
Computational cost
Arbitrary patches : For the general case, Eq. 2.10, the computational cost is dominated by the spherical harmonic transforms to compute the pseudo-spectra and coupling matrices for all patches, ie 2 per patch. These computations can be done in parallel for all patches, enabling embarrassingly parallel computation on n patch nodes (in addition to any parallelization of the harmonic transforms). The total number of operations is Fig. 2 the method takes 83 minutes on a 3.5 GHz CPU for the six cosmological parameter maps. Azimuthally symmetric patches : In this case, we need to perform one transformation for the mask, three spherical harmonic transformations for each parameter at the native resolution of the map and on final transformation to the patch resolution. So, for a set of n θ parameters, we need to perform 3n θ + 1 high resolution transformations. As a result, for a set of six cosmological parameters, we need to perform 19 high resolution transformations. For a parallel computational process, we can distribute the job to n θ computers and each computer needs to perform 3 high resolution transformations and one low resolution one. For larger resolution of the parameter map, and hence smaller and more numerous patches, this method rapidly becomes much faster general patch shape. Even for the example shown in Fig. 1 with only 48 parameter patches the method takes 10 minutes on a 3.5 GHz CPU for all six full-sky cosmological parameter maps, a speed-up of a factor of 8.
3 Implementation on Planck SMICA map of CMB
Procedure
The implementation of the method formulated in Sec. 2 requires calculating three essential ingredients: the covariance matrix for the angular power spectra (K δC ), the derivative matrix D and the estimate of the difference in the angular power spectra of each patches from the fiducial value of the angular power spectra c. Calculation of c: On the nside = 2048 resolution maps of Planck, we applied the Planck SMICA confidence mask as depicted in Fig. 3 . We divide the sky into a low resolution NSIDE= 2 map having 48 patches. We then obtain the angular power spectrum C l from each of these patches using HEALPix [59] . The C l from the masked sky for each of the patches are corrected using MASTER [57] to take care of the effects of the partial sky. Then the difference between the estimated C l (n) from each patch centered in the direction (n) and the fiducial C l are obtained for each patch. The fiducial C l is obtained using CAMB [61] by using the fiducial cosmological parameters from Planck [60] .
Calculation of K δC : The binned spectra are taken to have covariance [57] 
where N l is the instrumental noise in the SMICA map. The f sky for each patch is different due to different contributions from the galactic mask. The error bar for each patch is therefore different, most notably along the galactic plane where patches have a smaller sky fraction and hence bigger error bars in comparison to the patches at higher latitudes.
Calculation of D:
The D matrix captures the derivative of the angular power spectra evaluated at the fiducial value of the parameters C l . We evaluate the angular power spectra C l from CAMB [61] by varying each parameter individually and keeping all other parameters fixed at the fiducial cosmological parameters from Planck-2015 [60] . We then obtain the numerical derivative of the angular power spectra at every values of l, and construct a n θ ×l dimension matrix, where n θ indicates the number of parameters. Figure 3 : SMICA mask used in the analysis to obtain the variation in the cosmological parameters.
Parameter variation in Planck SMICA map
Using all the tools mentioned in the previous section, we obtain the variation of cosmological parameters in the sky for six cosmological parameters (A s , n s , O b h 2 , O c h 2 , H 0 , and A L ) for two different choices of ∆l = 20 & 50. The value of all other parameters are kept fixed at the fiducial Planck best-fit values [60] with τ = 0.058 [62] . The results of parameter variation are depicted in Fig. 4 and Fig. 5 for ∆l = 50 and 20 respectively. These results show the deviation from the Planck fiducial values. We also overplot the galactic mask on the recovered parameters map to show the contribution of the galactic mask in each patch. The largest deviation is observed for certain patches in the galactic plane, which is anyway not robust for cosmological parameters and not used in the Planck likelihood. The parameters at high latitudes show negligible variation from the fiducial parameter values. To indicate the deviations more clearly, we make histogram plots in Fig. 6 for the deviation of the parameters, inverse weighted with the square-root of the corresponding diagonal element of the inverse of the Fisher matrix for each patch. The histogram plots for the cosmological parameters are obtained for all the patches except the patches in the galactic plane that have sky fraction of less than 1.7 %. The plots indicate that there is no significant deviation in any of the patches and fluctuations from the fiducial parameters in most of the patches are less than 1σ, ie underdispersed compared to expectations. This underdispersion arises because the estimators are correlated between patches. Even though they are calculated from different patches, they share the same realisation of the underlying CMB signal.
To quantify the total patch-to-patch variation in cosmological parameters, we estimate the reduced chi-square defined as
This quantity captures the total deviation in the parameter values and is depicted in Fig. 7 . It clearly indicates that the Planck SMICA map at high galactic latitude is consistent with the global value of the parameters derived from the Planck likelihood [60] . This map captures the complete SNR of the deviation observed over all the parameters considered here. This extreme variation in a few patches is evident only for the case shown in Fig. 7a , which considers a wide multipole range (20-1300) and reduces significantly for the estimation which considers a lower multipole range (20-520) as shown in Fig. 7b .
The spatial variation of six cosmological parameters from the Planck SMICA HM1× HM2 map are depicted along with the galactic mask used in the analysis. These results are obtained for the bin size of ∆l = 50 using CMB multipoles [50, 1300] .
The spatial variation of six cosmological parameters from the Planck SMICA HM1× HM2 map are depicted along with the galactic mask used in the analysis. These results are obtained for the bin size of ∆l = 20 using CMB multipoles [20, 1300] . Figure 6 : The distribution of SNR for cosmological parameters for different patches from Planck SMICA HM1× HM2. This is the case with bin width ∆l = 20 used in the Master algorithm and CMB multipole range [20, 1300] . The distribution does not include the patches near the galactic plane having f sky ≤ 0.017.
Comparison of Planck SMICA results with CMB simulations
To scrutinize this in detail and evaluate the statistical significance of the parameter variations we saw in the SMICA map, we applied our method to 100 simulated temperature maps. The χ(n) values from 100 simulations (denoted by χ s (n)) for each patch are listed and are arranged in an ascending order, which can be named as L(n). Then the elements in the list L(n) are grouped in sets of ten and each set is indexed with a group index whose value varies from one to ten. For any particular patch centered in the direction n p , having the smallest χ s (n p ) value is the first element of the list L p and hence carries the group index = 1. Whereas the largest χ s (n p ) value is the last element of the list L p and carries the group index = 10. The value of χ(n) from Planck SMICA map (denoted by χ d (n)) can be compared with the ordered list L(n) for every sky patches and we can obtain the group index which is associated with the value of χ d . In this method of classification, the value of group index signifies the rank of the χ d (n) value with respect to χ s (n). For example, if χ d value for a particular patch is having a group index = j, then there are at-least 10 × (10 − j) simulations having χ s value which are more than χ d for that patch. If the value of χ d is smaller (or greater) than the lowest (or highest) value of the list L, then we show it by the down (or up) arrow.
Using this prescription, we obtain the group index for all the sky patches and depict them in Fig. 8a and Fig. 8b for l max = 520 and l max = 1300 respectively. Fig. 8a shows that for all the patches with l max = 520, Planck SMICA map is consistent with the values obtained from the simulations and none of the deviations in the cosmological parameters are significant. However, for l max = 1300 depicted in Fig. 8b , a few patches near the galactic plane show higher deviations and do not match with the values of χ s obtained from 100 simulations. These five patches are indicated by red arrows in Fig. 8b and can also be identified from the χ map in Fig. 7 . All other patches are consistent with the statistically isotropic simulations and do not show any significant departures.
Conclusions
We described a fast algorithm to estimate the local variation of cosmological parameters from their fiducial value. In this method, we implement a local, optimal, quadratic filter that projects the data onto fields whose variances contain the cosmological parameter information. The full algorithm is described in Sec. 2. The advantage of this method is that it does not require costly MCMC analysis to obtain the deviations in the cosmologi- cal parameters. This makes the algorithm very useful to apply to any large data set. We implement it on the Planck SMICA-2015 temperature map to obtain the direction dependence of the six standard cosmological parameters (A s , n s ,
The parameters maps are shown in Fig. 4 and Fig. 5 for two different choices of power spectrum binning ∆l = 50 and ∆l = 20 respectively. The maximum variation is evident in Ω b h 2 at approximately 2σ in two patches. In particular, parameters like H 0 , which shows some discrepancy compared to other data sets, and A L which shows some tension with the expected value from standard model, do not show significant directional dependence. Our estimate shows that both these parameters are within the 2σ variation for all the patches. We find that A L shows the least variations between patches in comparison to all other parameters. We compare our results with simulated uncontaminated CMB maps to get a better understanding of our SMICA results. We mask the simulated maps with the SMICA mask as shown in Fig. 3 . Our simulation results indicate that the cosmological parameters based on the Planck SMICA-2015 temperature map do not exhibit higher variation than what is to be expected based on statistical fluctuations except in some patches on the galactic plane that are not used in the reference Planck analysis. On a χ map for SMICA (Fig. 7) for the range of multipoles [20, 1300] , we see that the parameter values in a few patches in the galactic plane exhibit a higher departure than our 100 simulations. But the patches at high galactic latitudes do not show any strong deviation in comparison to statistically isotropic simulations.
While the main motivation of our work was to provide a tool for checking for parameter variations that might visually correlate with known sources of systematics (from the Galaxy or more locally) our method can of course be used to explore a possible breaking of statistical isotropy. If a suggestive pattern were seen, it might motivate an in-depth analysis with a inference that is optimised for a particular physics model of isotropy breaking. We find no obvious indications of systematic parameter variations in the Planck SMICA map. A cross-correlation between the cosmological parameter map obtained from Planck SMICA-2015 and the results from the supernovae data by previous studies [20] [21] [22] can be useful to scrutinize any common direction dependence in the two different data sets.
In summary, we present an efficient algorithm to check for any directional dependence of the cosmological parameters. Due to the computational efficiency of our method, it can be used for large data sets, to check for the effects of contaminations from unknown systematics on the estimated cosmological parameters. This method is applicable not only to CMB data set but adapts to other data sets, such as galaxy surveys, weak-lensing shear measurements, and 21 cm data with minimal effort.
Future observational campaigns promise to deliver robust measurements of cosmological parameters despite challenging foreground and noise contaminations. The methods we present in this paper add an efficient diagnostic tool to assess how these final science products are affected by potential instrumental or astrophysical systematics. algorithm in this analysis.
